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Remark. 

AboTit forty-live years ago M. Poiicelet made a solution of the 
Fouriieyron turbine wliich, for its tliorouglmess and the direct- 
ness of its analysis, has become classical {Comptes Rendu s^ 1S8S). 
But that writer neglected the frictional (and other) resistances 
within the wheel, and assumed that the buckets, or passages in 
the wheel, were constantly full. The former is an important 
element in the theory, and its consideration makes the analysis 
but little more complicated. 

Weisbach, in his Hydraulic Motors^ gives a solution in which 
frictional resistances are involved, and the sections of the stream 
at the outlet of the supply chamber, the entrance into the wheel, 
and all the sections of the buckets are determined when the 
wheel runs for best efficiency. The formulas, however, are so 
complex that but little practical knowledge can be gained from 
their general discussion. I have, therefore, assumed that the 
wheels here discussed have about the proportions made for com- 
mercial purposes, and deduced certain numerical results which 
are entered in tables ; and a simple examination of these furnishes 
certain desiral)le information. 

The driving power here considered is that of an incompressil)le 
tluid, which in ])ractice will be water. The steam turbine or 
those driven by a compressible fluid arc not in practice con- 
structed like water turl)ine6, and no theory for such is here at- 
tempted. 
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1. The motors here analyzed may be called "reaction 
wheels," or "pressure turbines." Some writers call those 
wheels "pressure turbines" in which fche water has a "free 
surface," and these by others are called " turbines of free devi- 
ation. (Weisbach, Hydraulics, etc, p. 421.) The former term 
is somewhat ambiguous when applied to wheels in which the 
water in the buckets has a free surface, and, therefore, the 
term " free deviation " will be applied to such. 

There will first be given a general, solution of the " pressure 
turbine," and the other turbines will be considered as special 
cases of the more general one. 

2. Notation, 

Let Q be the volume of water passing through the wheel 
per second, 

tf, the weight of unity of volume of the water, or 62.^ pounds 
per cubic foot ; then 

6Q := W will be the weight of water passing through the 
wheel per second, 

Ai be the head in the supply chamber above the entrance 
to the buckets, 

hi, the Iiead in the tail race above the exit from the bucket, 

Zi, the fall in passing through the buckets, 

if — A, + 2, — A 2, the eflfective head, 

U, the useful work done by the water upon the wheel, 

By the work lost by frictional resistances, wliirls, etc., 

/ii, the coefficient of resistance along the guides, 

^i^ the coefficient of resistance along the buckets. 
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ri, the radius of the initial rim, 
r25 the radius of the terminal rim, 
p, the radius to any point of the bucket, 
n=ri-^r2, the ratio of the initial to that of the terminal radius, 
F, the velocity of the water issuing from supply chamber, 
Vi, the initial velocity of the water in the bucket in reference 

to the bucket, 

Vy the velocity 
along the bucket 
at any point, 

V2i the termi- 
nal velocity in 
the bucket, 

16', the velocity 
of exit in refer- 
ence to the earth, 
fi^, the angular 
velocity of the 
wheel, 

(y^ terminal 
angle between 
the guide and in- 
itial rim — CABy 

Yiy angle between the initial element of bucket and initial 
rim = EADy 

72 = GFIy the angle between the terminal rim and terminal 
element of the bucket, 

6 = HFL angle between the terminal rim and actual direc- 
tion of the water at exit, 

^i, the pressure of water at entrance of the bucket per unit 
area, 

Py the pressure of water at any point of the bucket, 

jOa, the pressure of water at exit. 

Pa, the pressure of an atmosphere, 

a = eby the arc subtending one gate opening, Fig. 3, 




Fig. 1. 



ii. 
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a„ the arc subtending one bucket at entrance. (In Fig. 3, 
a and aj appear to be the same but in practice they are usually 
different, a being greater than a^.) 

02 = gh, the arc subtending one bucket at exit, 

K=^hfy normal section of passage, it being assumed that 
the passages and buckets are very narrow, 

Ai = bd^ initial normal section of bucket, 

fej = gij terminal normal section, 

y, the depth of K^ y^ of Aj, and j/j of A . 
Then 



K= Ya sin a ; 

h = yiOi sin Yi ; 
^2 = ^2^2 sin 2 > 



(1) 



QDT^ = velocity of initial 



nm, 




Fig. 2. 



oTTj = velocity of terminal 
rim. 

3. General Solution, 

Beginning with the pres- 
sure on the top of the supply 
chamber, the relation between 
the heads, actual and virtual, will be determined to the point 
of discharge from the wheel. 

The pressure per unit on the upper surface of the supply 
chamber will be that of the atmosphere, or 

and the corresponding virtual head in terms of a column of 
water will be 

The head in the supply chamber above the entrance to the 
wheel will be 
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therefore, the tot&l head aboTe the 
will be 



element of the bucket 



*,+ 



P^ 



This head produces an actual pressure />* at the entrance 
to the bucket and the velocity V of exit from the guides ; 
hence, according to Bernoulli's theorem, the heads due to the 
pressure />i and velocity F, will equal the former, or 






.'. Pi=Pa -^ ^t^l — ^~i 



2? 



(2) 
(3) 




which will be the theoretical pres- 
sure at entrance to the bucket if 
friction be neglected. Represent 
the head lost by friction by 



^i 



I: 



which must also be overcome by 
the head in the supply chamber, 
so that we have, by adding it to 
the second member of (2) and transforming. 



Fig. 3. 



(1 



+ ^,)V' = 2gK + 2g(^^-^ (4) 



The triangle of velocities ABC, Fig. 1, gives 



V 



_ sm Yi 



sin (t^' 4- yi) 



Vi = 



ajTi = 



sm a 



__ sin Yi 



sin {a 4- Yi) 



sin (a 4- Y\) 



(aW'i. 



noor^ 



(5) 



(6) 



The relation between the initial and terminal velocities in 
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the bucket involves the velocity of the wheel and the pressure 
in the bucket. 

Let m be an elementary mass at a distance p from the axis 
of the wheel, then will the centrifugal force be 

and if this element by moving a distance ds in the tube also 

moves outward a distance dp, the work done by the centrifugal 

force will be 

rriG^pdp. 

If the tube (or bucket) be 

inclined downward, the work 

done (or energy acquired) by 

the weight in falling a distance 

dz will be 

mgdz. 

These two works will be ex- 
pended in the following ways : 

a. Increasing the energy of the water in the tube in refer- 
ence to the tube by an amount 

TT md {v^). 

b. In d6ing work against the difference of pressures on the 
two faces of the element, and considering the back pressure 
p greater than the forward pressure p , the work will be 

dp 




Fig. 4. 



7r,g 



6 



where dp -r- S is equivalent to a head through which 7ng would 
work. 

c. In overcoming frictional resistance. The law of fric- 
tional resistances is not well known, but is assumed to vary 
as the energy of the mass and wetted perimeter. The pe- 
rimeter is here discarded, hence the work will be 
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Hence we have 
mgdz + niGo^pdp = ^ md (v") ■\- rng --^ + ^ fji^rnv^ds, ... (7) 

But the last term cannot be integrated unless v be a 
known function of s, and since this is not known, we make v = 
v-i, the terminal velocity. The coefficient JJI2 is determined 
independently of the length, and includes the value ^^y when 
8 is the length of a bucket. 

Integrating between initial and terminal limits gives 

« 

'• + 2g ^r ~^ ^^' ' ^^ 

The fall .^i is so small in practice compared with the next 
term of the equation, that it may, and will, be omitted, giving 

(1 + /.,) vi = v,' + c^ (r,^ - r,') - 2gr ^-I^, ... (9) 

which gives v^. 

At exit the pressure will be 

P2=Pa + ^h (10) 

The velocity of exit, relative to the earth, will be 

W^ = V2 •\- O^T^ — 2v2.0^fi COS y2 (11) 

The work done upon the wheel will be the initial (poten- 
tial) energy of the water less the energy in the water as it 
quits the wheel, still further diminished by the energy due to 
frictional losses ; or 

U=SQB-SQf^-Ji. (12) 

i? = /*.<?-JJ + /^<y<2^. ..... (13) 
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L [- J/Vaf.^ + COS ;'2 V^gH H- Pr^^oiy'] r^oo, ... (15) 



when 



I 



gH\/\ H- )U2 



1 



-M'= vrr 



/Y2 



-1 + 



cos (y sin 



sm (^i' + 






i^^ = l -7 



'2 cos ^v sin y^ 



+ I'' - 



sm /i 



:9 J 



(16a) 



For maximum efficiency make dE -^- dc«9 = in (15) and solve 
for u;, calling this particular value oo', then 



-^1/ 






• • (16) 



which value substituted in equation (15) will give the maxi- 
mum efficiency. Then equations (5), (6), become 



T^ sin xi 

sm (a 4- Vi) 



• . (17) 



Vi = 



sm o' 



sin {a 4- Xi) 
Also from (9), (10), (4), (17), (18), 



00 Ti, 



(18) 



But 



s\uHa + y^) ~ sin^o: — sin'^x, -h 2sin(a+ Xi) cos a sin ;Ki 



sin^'a — sin^j 



= 1- 



= 1- 



2 sin (a 4- ;^,) cos a sin x 



fin (a + ;^i)8in {a — x,) + 2 sin(a: + Xi)cf>8 a sin^'i 
2cort a sin y I 



sin (a + Xi) ' 
which substituted above will give equation (14). 




m 
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X A/<igH^ U- 2 ^^-^^ ,,^_;.. -^II-. ^,) 0^ . (19) 
The normal sections of the backets will be 

K=^^\ h = ^\ h=^\ k=^. . : (20) 
The depths of those sections will be 

F= i-^-, yi= ^ , ^2 = — i^^ — , . (21) 



DISCUSSION. 

4, Three simple systems are recognized. 

r*! < r2, called outward flow. 

ri > rj, called inward flow, 

rj = r2, called parallel floio. 
The first and second may be combined with the third, mak- 
ing a mixed system. The third, in theory, is really an inward 
or outward flow, with an indefinitely narrow crown, although 
the analysis applies to a parallel flow wheel, in which the 
width is indefinitely small, and depth small compared with 
the total head. 

5. Value of ;^2> the quitting angle. 

Equations (14) and ( 15 ) show that the efficiency is increased 
as cos y2 is increased, or as r,, decreases, and is greatest for ;/2=0. 
Hence, theoretically, the terminal element of tlie bucket should 
be tangent to the quitting rim for best efficiency. This, how- 
ever, for the discharge of a finite quantity of water, would re- 
quire an infinite depth of bucket, as shown by the third of equa- 
tions (21). In practice, therefore, this angle must have a finite 
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value The larger the diameter of the terminal rim the smaller 
may be this angle for a given depth of wheel and given quantity 
of water discharged. Theoretical considerations then would 
require, for best efficiency, a very large diameter for the quit- 
ting riin, and a very small angle, y^, between the terminal ele- 
ment of the bucket and the rim ; but commercial considera- 
tions require some sacrifice of best efficiency to cost, so that 
a smaller diameter and larger angle of discharge is made. If 
wheels are of the same diameter and depth, the inward flow 
wheel requires a larger quitting angle for the same volume 
of water than the outward flow, since the discharge rim will be 
smaller in the former than in the latter wheel, and the velocity 
172, eq. • 19), will also be less. In practice ^2 is from 10° to 20°. 

6. Relation betiveen y-i and oo'. 
Equation (16) when put under the form 



, VgH , / 1 

" = -Iv)/ w/;--^^^ - 1 • • ■ (22) 

shows that co' increases as 7^2 decreases, and is largest for 
X2 = ; that is, in a wheel in which all the elements except ^2 
are flxed, the velocity of the wheel for best effect must increase as 
the quitting angle of the bucket decreases. 

If the terminal element be radial, then K2 = 90"^, and equa- 
tion (22) gives (ki'zzzO; that is, for minimum efficiency the 
wheel must be at rest, and no work will be done. 

7. Values of a -\- y^. 

11 a + ;/i = 180°, and a and y^ both flnite, then will M and 
N in (15a) both be infinite ; but equation (5) gives 

sin 180° ^ V ^ ,'^ 

^ = — . . — = ; (23) 

sin Vi ri ^ ^ 

that is, the wheel will have no motion, and no work will be 




; .^V - 
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done. If a -{- y^ = 180°, then the terminal element of the 
guide and the initial element of the bucket have a common 
tangent, in which case the stream can flow smoothly from the 
former into the latter only when the wheel is at rest. (See 
Fig. 5.^ 

If a -}- ;/, exceed 180°, ^' would be negative, and it would 
be necessary to rotate the wheel backwards in order that the 
water should flow smoothly from the guide into the bucket. 

It follows, then, that a + y^ must be less than 180°, but the 
best relation cannot be determined by analysis ; however, 
since the water should be deflected from its course as much as 
possible from its entering to its leaving the wheel, the angle a 
for this reason should be as small as practicable. 

8. Vahces of a. 

*' 

If ^*^ = 0, equation (14) will reduce to 

(k) r 



+ r, cos y, ^'igH~+ ir,' - 2^' - /^ir,^) oA . . (24) 

which is independent of yi ; hence, for this limiting case, the 
efficiency will be independent of the initial angle of the bucket. 
This is because the water enters the wheel tangentially and 
therefore has no radial component that would give an initial 
velocity in the bucket ; and equation (18) shows that the ini- 
tial velocity v^ would be zero, while (17) shows that the velocity 
of the initial rim must equal that of the water flowing from the 
guides, or 

For the limiting, or critical case, 

(r = 0, y. = <>, 'h = 0, yw.^ = 0, 

the velocity producing maximum efficiency will be, from equa- 
tion il6), 

r,u/ = vf/i/, (25) 
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or the velocity of the initial rim, if the wheel be frictionless, 
will be that due to half the head in the supply chamber. 
If r/ = 2r,^ then 

r^Go' = V2gH, (26) 

or the velocity of the terminal rim will equal that due to the 
head. Substituting in (19) the values a = 0, ;^2 = 0, /^i = 0, 
^2 = 0, r2^ = 2r{\ and it will reduce to 

V, = V2gH, (27) 

as it should. 

The following table gives the values of quantities for the 
three classes of wheels : 

TABLE 1. 



a = 0, 



^2=0, 



Ml -0, 



M2 = 0- 



DlMKNSIONS 

OF Wheel. 



Velocity op 



-I 



Inner Rim. 



Outer 
Kim. 



V^'^i 



GOV: 



^/gH 



oor-z 



\/'^gE 



Velocity 

of Kxit 

from 

Guide 

V. 



^/9H 



^^gH I VgH ^gH 



GO r. 



OOTy 



ri=lArJo.7A^gH ^/gH 



y/gs 



Velocity 


IN Bucket. 


Velocity 

of Exit. 

w. 


Initial 


Terminal 


0.00 


y/Wi~ 


0.00 


0.00 


^gH 


0.00 


0.00 


IX^^iS 


0.00 



Efficiency. 
E. 



1.000 
1.000 

1.000 



In the first case the inner rim is the initial one, in the 
third case the outer rim is initial, it being an inward flow 
wheel. 

Since, in this case, the velocity of admission to the wheel 
in reference to the earth is that due to half the head in the 
supply chamber, and the velocity of exit is zero, it follows 
that the energy due to the velocity is all imparted to the 
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wheel ; and the energy due to the remaining half of the head 
is imparted to the wheel by pressure in the wheel. If the 
velocity of entrance to the wheel be that due to the head, or 

V' - ^'jIT then will no energy be imparted to the wheel on 
account of pressure exerted by any part of the head //, but if 

V' <2gHy then will some of the work be done by this press- 
ure, w being zero. For the cases in Table L, the efnergy im- 
parted to the lohed loUl be diie cme-half to velocity and one-hjolf to 
pressure ; or in symbols, 

^ .(jH-^ ^WH= IVff, . . (28) 
y 



— 1 



or, the entire potential energy of the water will be expended 
in work upon the wheel. 

Whenever 1"^ < 2gH, the pressure at entrance must exceed 
the external pressure at exit, and 



H 



(29) 



then will be the part of the head producing pressure in the 
wheel. 

In practice, ^r cannot be zero and is made from 20^ to 30°. 
When other elements of the wheel are fixed, the value of (x 
may be determined so as to secure a certain amount of initial 
pressure in the wheel, as will be shown hereafter. 

The value r, = \Ar^ makes the width of the crown for 
internal flow about the same as for /•, = V^'i ^^^ outward flow, 
being approximately 0.3 of the external radius. 

9. Vi tines of ;/, and j.*.,. 

The frictional resistances depend not only upon the con- 
struction of the wheel as to smoothness of the surfaces, sharp- 
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ness of the angles, regularity of the curved parts, but also 
upon the manner it is run ; for if run too fast, the initial ele- 
ments of the wheel will cut across the stream of water, pro- 
ducing eddies and preventing the buckets from being filled, 
and if run too slow, eddies and whirls may be produced and 
thus the eflfective sections be reduced. These values cannot 
be definitely assigned beforehand, but Weisbach gives for 
good conditions, 

n^ := ft^ = 0.05 to 0.10 (30) 

They are not necessarily equal, and /<, may be from 0.05 to 
0.075, and ;/, from 0.06 to 0.10, or values near these. 

10. Values of ]\. 

It has already been shown that y^ must be less than 
180° — a, U y^ = 90"", equation (14) shows that the efficiency 
of the frictionless wheel will be independent of a. The eflfect 
of different values for y^ is best observed from numerical 
results as shown in the following table : 

TABLE II. 



Let a = 25°, 



r, = 12^ 



//, z= Ut = 0.10. 



Initial 


Ti = ri>/i. 


Tx = 1.4r,. 


yi- 
(1) 


(2) 


E. 

(8) 


(4) 


(6) 


(6) 


(7) 


60° 

90° 

120° 

150° 


1.322^^5^ 
1.226 - 
1.078 " 
.518 " 


.812 
.827 
.838 
.744 


.984^5^^ 
.866 " 
.762 " 
.866 " 


.780^ gff 
.689 " 
.576 " 
.271 " 


.911 

.ifvlo 

.898 
.762 


lM2^gH: 
.964 •' 
.806 •• 
.879 '• 



The values oo'r^ in columns (2) and (5) are velocities for the 
terminal rim, which in column (2) are for the exterior rim, but 
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for column (5) it is the interior rim, while column (7) is for 
the exterior rim. 

Columns (2) and (7j show that the velocity of the outer 
rim is less, for maximum eflfect, for the inflow than for the out- 
flow, for the same size wheel. 

Column (3) shows that the efficiency, E^ decreases as the 
initial angle of the bucket, /,, increases up to 120°. This 
maximum will be for this wheel with this amount of friction. 

Column (6) shows that for the inflow wheel the efficiency 
continually decreases as y^ increases. If the head and quan- 
tity of water discharged be constant, the work would be pro- 
portional to the efficiency ; for, from equation (14\ 

U=^QHE (31) 

The effect of y^ on the velocities is shown in Table III. 

TABLE in. 



Ini- 
tial 



Let a = 25, y^z=VZ\ //, = /^j = 0.10, Q = 1. 



I 



Angle. t' ,. j. ,, i , i i' »• I r« »- i 

., I L \^.. _-« . I hj^ kx X ^aj^, -_/_ I _1>_|- _a^ Aj<^ k^ 



kn X 



Vun Vai'f Vuti Voir Vofi ' V'lH ; Vaf'i \ V<7// 1 VuJf V<7// Vg^i VoH 



60' 



.820 .396 1.4471.219 2.525 .091 .959 .463 .761 1.043 2. icO 1.314 



00' .955 .4a3 1.878 1. 0472. 4S1 .725 1.063 .449 .676 .940 2.2.271.479 
120^ jl. 150 .5601.153' .8(591.785 .874! 1.217 .593 .605 .8211.6801.653 
150' 2.1001.775 .621! .476 .5631.610 2.060 1.741 .296 .485 .5743.378 



For commercial considerations it may be necessary to sac- 
rifice some efficiency to save on first cost, and to avoid making 
the wheel unwieldy. 

From equation (4) it appears that the pressure in the wheel 
at entrance, /^i, diminishes as the velocity of admission, T', in- 
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creases, and. according to equation (5), T" depends upon yi 
when (^ is fixed. Since tiie crowns are not fitted air tight nor 
water tight it is desirable that pi should exceed the pressure 
of the atmosphere when the wheel runs in free air, or the press- 
ure P2 4- 2h when submerged, to prevent air or water from flow- 
ing in at the edge of the crown. It will be shown hereafter, in 
discussing the pressures in the wheel, that we should have 

• • • • • \y^) 





— tan yi > tan 2'i, . 


or. 


180° 'i>2s 


or. 


r, < 180 - 2a. 


If 


a r. 30, 


then 


n < 1^20^ 



To be on the safe side, the angle y^ may be 20 or 30 degrees 
less than this limit, giving 

yi= 180' - 2a- 25 (say) 
= 155 - 2a. 

Then if « = 30°, yi = 95°. Some designers make this angle 
90"", others more, and still others less than that amount. Weis- 
bach suggests that it be less so that the bucket will be shorter 
and friction less. This reasoning appears to be correct for the 
inflow wheel, for the size and conditions shown in Table II., 
but not for the outflow wlieel. In the Tremont turbines, de- 
scribed in the Loivell Hydraulic Experiments, this angle is 90°, 
the angle a, 20°, and /o* 10°. Pourneyron made yi = 90°, and 
a from 30° to 33 . 

In Table III. it appears that for y^ = 150°, V = 2.1 "^gJSy 

which exceeds ^/ ^gH\ that is, the velocity of exit from the 
supply chamber exceeds that due to the head, which condi- 
tion must result from a negative pressure at entrance into the 
wheel. For zero pressure for the frictionless wheel, the above 
condition gives 

y^ = 180° - 2a, 
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which for a = 25^, gives y, = 130^, and for k, = 150°, the press- 
ure would be negative, and for 120 it would be positive. It 
appears that for the wheel with friction, considered in the table, 
that this pressure is also positive for y^ = 120°, and negative 
for 150°. 



1 1 . Form of Bucket. 

The form of the bucket does not enter the analysis, and 
therefore its proper form cannot be determined analytically. 
Only the initial and terminal directions enter directly, and from 
these and the volume of the water flowing through the wheel, 
the area of the normal sections may be found from equations 
(20). 

But well-known physical facts determine that the changes of 
curvature and section must be gradual, and the general form 
regular, so that eddies and whirls shall not be formed. For the 
same reason the wheel must be run with the correct velocity 
to secure the best effect ; for otherwise the effective angles a 
and yi may be changed to values which cannot be determined 
beforehand, in which case the wheel cannot be correctly ana- 





FiG. 5. 



Fk;. (). 



lyzed. In practice the buckets are made of two or three arcs 
of circles mutually tangential at their points of meeting. Also, 
if the normal sections, iT, i,, i., of the buckets as constructed 
do not agree with those given by computation, the stream will, 
if possible, adjust itself to true conditions by the formation of 
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eddies. If the teiminal sections at the guides, or the initial 
section of the bucket, be too small, the action may be changed 
from a pressure wheel to one of free deviation. So long as the 
pressure in the wheel exceeds the external pressure, the pre- 
ceding analysis is applicable for the wheel running for best 
effect, observing that the sections K, l\, k.^, are not those of 
the wheel, but those which are computed from the velocities 

K ^\y ^V 

12. Value of ^ ; or direction of the quitting water. 
From Fig. 1 it may be found that 



and 



IV cos ^ = V2 COS y-z — oo'r2, 

w sin = V2 sin y2 ; • • 

Gj'r2 



cot = cot y2 ~~ 



V2 sin X2 



(33) 

(34) 

(35) 



These formulas are for the velocity giving maximum effi- 
ciency. If the speed be assumed, oj in place of 00' becoming 
known, V2 is given by equation (19). It is apparent for such a 
case that 6 may have a large range of values from 6 = y2y when 
ihe wheel is at rest, to /9 exceeding 90° for high velocities. The 
following table gives some results : 

TABLE IV. 



a — 


25°, r2 - 12% 


yU, =z JLlz= 0.10. 




ri = 


r^Vh 


r, = 1.4ra 


Vi 












(li 


e 


b) 


B 


60° 


.314 VgH 


72° 14' 


.160 VgH 


102° 48' 


90° 


.310 *' 


66° 59' 


.143 ** 


101° ir 


120° 


.241 " 


60° 24' 


.126 *• 


82° 62' 


150° 


.157 '* 


55° 26' 


.043 " 


74° 51' 



:.^ 
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According to this table the water is thrown backward, or 
in the direction opposite to the motion of the wheel for the 
outward flow wheel, and for the inflow it is thrown forward for 
yi less than OO"", and backward for yi greater than 120°. 

In the Tremont turbine a device was used for determining the 
direction of the water leaving the wheel, and for the best effi- 
ciency, 79} per cent., the angle 6 was about 120°. Lowdl 
Hydraulic JtxjjerimentSy p. 33. 

The angle thus observed had a large range of values ranging 
from 50"" to 140° for efficiencies only two or three per cent, less 
than 79 j per cent. 

13. 0/ the value of go. 

So far as analysis indicates, the wheel may run at any speed ; 
but in order that the stream shall flow smoothly from the 
supply chamber into the bucket — thus practically maintaining 
the angles /r and yi — the relations in equations (5) and (6) must 
be maintained, or 

^ ^ ^^^ y (3g) 

sm r. 

and this requires that the velocity V shall be properly regu- 
lated, which can be done by regulating the head hi or the press- 
ure pi or both hi and pi, as shown by equation (4). This 
however is not practical In practice, the speed is regulated, 
and when the condition for maximum efficiency is established, 
the velocities V and Vi are found from equations (17) and (18). 
Since r?, in practice, is small we have, for best effect, 

v, = oo'ro, approximately, .... (37) 

and, adopting this value, a more simple expression may be 
found for the velocity of the wheel. For equation (19) gives 

Vj = Vi co' 

^^^ .(Approx.XSS) 



j/co8asin>^,/rA- , sin V, /r, \^ , 

sin(a + >/,)\r,/ ^^»sin^ ry-f>/,)\r,/ - "^^ 
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If yt/i = //2 = 0.10, r. ^ r, ^- 1.40, a = 25°, y^ = 90°, the velo- 
city of the initial rim for outward flow will be 



The velocity due to the head would be 



v^ = V2g/I=^ 1.414 VgH; 
hence, the velocity of the initial rim should be about 



^-:^i-^ = 0.659 (39) 

of the velocity due to the head. 

For an inflow wheel in which r^^ = 2r2^, and the other dimen- 
sions, as given above, this becomes 

iiu = ^-^^ (^> 

of the velocity due t ) the head. 

The highest efficiency of the Tremont turbine, found experi- 
mentally, was 0.79375, and the corresponding velocity, 0.62645 
of the velocity due to the head, and for all velocities above and 
below this value the efficiency was less. Experiment shoTred 
that the velocity might be considerably larger or smaller than 
this amount without diminishing the efficiency very much. 

In the Tremont turbine it was found that if the velocity of 
the initial (or interior) rim was not less than 44 nor more than 
75 per cent, of that due to the fall, the efficiency was 75 per 
cent, or more, ^xp., p. 44 

This wheel was allowed to run freely without any brake 
except its own friction, and the velocity of the initial rim was 

observed to be 1.335 V2gII] half of which is 



0.6675 V2gH, (41) 






';' 
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" which is not far from the velocity giving maximum effect ; 
that is to say, when the gate is fully raised the coefficient of effect is 
a maximum lohen the wheel is moving with about half its maximum 
velocity.'' Exp., p. 37. 

M. Poncelet computed the theoretical useful effect of a 
certain turbine of which M. Morin had determined the value by 
experiment. The following are the results {Comptes BendicSy 
1838, JuUlet) : 

TABLE V. 



1 

Velocity of initial 








rim or 
r,u>' 


Number of tarns of 

the wheel per 

minute. 


Ratio of nsefnl to 
theoretical effect. 


Means of values by 
exoeriment. 


y/^jH 




0.0 


0.00 
33.80 

47.87 


0.000 
0.664 
0.773 




0.2 




0.4 


0.700 


0.6 


68.61 


0.807 


0.705 


0.7 


62.81 


0.810 


0.700 


0.8 


67.67 


0.806 


0.675 


1.0 


75.76 


0.786 


0.610 


1.2 


82.88 


0.753 


0.490 


1.4 


89.52 


0.712 


0.360 


1.6 


95.70 


0.664 


0.280 


1.8 


101.61 


0.612 


0.203 


2.0 


107.00, 


0.546 


0.050 


3.72 


145.00 


0.000 





Poncelet states that he took no account of passive resist- 
ances, and hence his results should be larger than those of 
experiment as they are ; but here both theory and experiment 
give the maximum efficiency for a velocity of about 0.6 that 
due to the head, and the efficiency is but little less for velocities 
perceptibly greater and less than that for the best effect. For 
velocities considerably greater and less, theoretical results are 
much larger than those found by experiment, for reasons 
already given, chief of which is the fact that eddies are induced, 
and the effective angles of the mechanism changed to unknown 
values. 
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14. Pressure in the wheel. 

Dropping the subscript 2 from v, r, />, in equation (9), the 
resulting value of p will give the pressure per unit at any point 
of the bucket providing that a<2 be considered constant. Chang- 
ing r to p, equation (9) thus gives 

p = \^v,' ^{1 + ^,)v'+c^ {ff - ^2)]^ + ^. . (42) 

To solve this requires a knowledge of the transverse sec- 
tions of the stream, for the velocity v will be inversely as the 
cross section. 

From equation^ (20) and (6) 

ii ii sin a ,.„. 

^""-ik^r sin(.4-n r"^^ • • • ^^^^ 
From (4) and (5), 

p, = sh,+pa-S ^4-^\- . .^.""'f . o^r^x. . (44) 
These reduce equation (42) to 

- i [d + ^0 sinV. + IWX + ,.) - F] ?^] ^^. (46) 

The back or concave side of the bucket will be subjected 
to a pressure which may be considered in two parts : one due 
to the deflection of the stream passing through it, the other to 
a pressure which is the same as that against the crown, and is 
uniform throughout the cross section of the bucket, due to the 
pressure of a part (or all) of the head in the supply chamber. 
It is the latter pressure which is given by the value of j9 in 
equation (45). The construction of the wheel being known, 
the pressure p may be found at any point of the wheel for any 
assumed practical velocity ; although, for reasons previously 
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given, it will be of practical value only when running near the 
velocitv for maximum efficiency. There are two cases : 

1. That in which the discharge is into free air; 

2. That in which the wheel is submerged. 

In the first case if the pressure is uniform, the case is 
called that of " free deviation " in which the entire pressure 
upon the forward side of the bucket is due to the deviation of 
the water from a right line, and will be considered further on. 

If equation (45^ shows a continually decreasing pressure 
from the initial element to that of exit, or if the minimum 
pressure exceeds ^)a, the preceding analysis is applicable. 
But if it shows a point of mininium pressure less than /^, it 
will be in a condititm of unstable equilibrium, in which the 
slightest inequality would cause air to rush in and restore the 
pressure to that of the atmosphere ; so that the pressure in 
the wheel and the flow would bo changed. The point of mini- 
mum pressure may bo found by plotting results found from 
ec^uation ^45 ), substituting values for u taken from measure- 
ments of the wheel, and A* from computation. From the 
entrance of the wheel up to the point of minimum pressure 
the preceding analysis applies ; and the remainder of the wheel 
must be analyzed for " free deviation " and the two results added. 

In the second case the equations will apply, since air can- 
not enter, provided that p does not become negative, to realize 
wliich requires a tensile stress of the water. This is impos- 
sible and eddies would be formed ; and the efiect of these on 
tlie velocity and pressure cannot be computed. Such a case 
cannot be analyzed. 

15. To fiufJ fhr press f we nt the. entrance to the hurket when 
running at best efiect. In (45) let p -- /•,, k — k^ and p = />i. 
To simplify still more, let tlie wheel be frictionless, or //i = 
fu = 0, and find from equation i 38 1 

2 ., sin {n '■ ?'i) jj ,.^^ 

n f«>- -- . ' f///, (46) 

cos /r sin K| 
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also hi =. II ^ A.^, and (45) becomes 
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/., - ^11 ^6h,^p,- ^ _1»?^Zl^_ ff. . (47) 

^ * ^ " 2 cos 'J' sin itr -h Yi) ^ ' 

If the wheel is nr)t submerged //^ = 0, and let the pressure 
pi eqnal that of the atmosphere, or ;>«, then 

0.1- -'''^L_,. . . . : (48) 

z cos /♦ sm {oi + yi) 

If the wheel be submerged, let y>, = (^Aj + jOa» ^nd the equa- 
tion reduces to that of the preceding. 
Equation (48 j gives 

tan 2'^r = — tan Xi> 
or, 2a = 180^ - Ki ; (49) 

for which value the pressure at the entrance to the wheel TviU 
equal that just outside. 

If, 2i^ > 180 - ;/„ (50) 

the pressure within will be less than that without ; but if 

2rr ^ 180 - i/i, (51) 

the pnjssure within will exceed that without — a condition 
which is considered desirable. If frictional resistances be 
considered the value of rioo' from equation (38) will be less 
than that given by (46), and hence the last term of equation 
(47) will bo loss unless n be greater than the value given by 
equation (51 ) ; hcmce with frictional resistances the terminal 
angle of the guide blade may exceed somewhat 90° -— ^y^ ; 
therefore, if the value of ^*' be found for a frictionless wheel it 
will be a safe value when there is friction. If y = 90° and 
a ^ DO" - A;/, := 45", then (47) gives 

p^ = 6 If -h 6h 4- p„ -611^ 6h. -f Pa, . . (52) 
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as it should. If y^ = 00° and a = 30°, then 

J?, = 6IT+ Sk, +p, - id II, 
or, p^ > 6h^ +p„ -h 0.SS6II (53) 

The angle a should not be so large or /, so small as to pro- 
duce excessive pressure at the entrance to the wheel. 

Example. — ^Find the pressure per square inch at the 
entrance to the wheel when the head is 10 feet, the terminal 
angle of the guide is 30°, the initial angle of the bucket 
y^ = 90° ; the wheel being one foot under the water in the tail 
race. 

16. Number of buckets. 

The analysis given above is true for a wheel with a single 
bucket, provided the supply is constantly open to the bucket 
and closed by the remainder of the wheel. But for practical 
considerations the wheel should be full of buckets, although 
the number cannot be determined bv analvsis. Successful 
wheels have been made in which the distance between the 
buckets was as small as 0.75 of an inch, and others as much as 
2.75 inches. Loicell II yd, Exp,^ p. 47. Turbines at the Centen- 
nial Exposition had buckets from 4^ inches to 9 inches from 
centre to centre. 

1 7. Rq 1 10 of' rw / li. 

Theor}' does not limit the dimensions of the wheel. In 
practice, 

for outward flow, r^ — Vi is from 1.25 to 1.50 < ^ . 

for inward flow, ?'2 ^ ^i is from 0.66 to 0.80 ^ ' ' 

It appears from Table II. that the inflow wheel has a 
higher efficiency than the outward flow wheel (columns 6 and 
3), and these wheels have about the same outside and inside 
diameters. The inflow wheel also runs somewhat slower for 
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best effect. The centrifugal force in the outward flow wheel 
tends to force the water outward faster than it would other- 
wise flow ; while in the inward flow wheel it has the contrary 
effect, acting as it does in opposition to the velocity in the 
buckets. 

It also appears that the efficiency of the outward flow wheel 
increases slightly as the width of the crown is less, and the 
velocity for maximum efficiency is slower ; while for the inflow 
wheel the efficiency sUghtly increases for increased width of 
crown and the velocity of the outer rim at the same time aJso 
increases. 

Let /'i = ?i/'2, Yi - 90°, ^2 = 20°, /^i = //g = ; 

then for n = 0, 0.5, 0.8, 1, 1.4, oo't^ = 2, 3, 

will fxvV'a = 00 

and E — 

18. Efficiency, E. 

The method of determining the theoretical value of J? has 
already been given ; but to determine the actual value, resort 
must be had to experiments. These have been made in large 
numbers and the results published. Bv assuming the mini- 
mum values of the several losses, a maximum limit to the eflS- 
ciency may be fixed. Thus, if the actual velocity be 0.97 of 
the theoretical, the energy lost will be (1 - 0.97^) or 6 per cent. 
Friction along the buckets and bends ... 5 

Energy lost by impact, say 2 

Energy lost in the escaping water .... 3 






« €€ 



Total .... 16 
Leaving . . . . . .84 

available for work. This discards the friction of the mechan- 
ism and frictional losses along the guides, and if 2 per cent. 
be allowed for the latter, there will be left 82 per cent. It 



I'.tr- ^^. 
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seems hardly possible for the eflfective efficiency to exceed 82 
per cent., and all claims of 90 or more per cent, for these 
motors should be at once discarded as being too improbable 
for serious consideration. A turbine yielding from 75 to 80 
per cent, is extremely good. The celebrated Tremont turbine 
gave 79|^ per cent. Lowell Exp,, p. 33. Experiments with 
higher efficiencies have been reported. A Jonval turbine 
(parallel flow) was reported as yielding 0.75 to 0.90, but Morin 
suggested corrections reducing it to 0.63 to 0.71. (Weisbach, 
Mech, of Evg,, vol. ii., p. 501.) Weisbach gives the results of 
many experiments, in which the efficiency ranged from 50 to 
84 per cent. See pages 470, 500-507. See also Jour. Frank. 
Inst, J 1843, for efficiencies from 64 to 75 per cent. Numerous 
experiments give E = 0.60 to 0.65. The efficiency, considering 
only the energy imparted to the wheel, will exceed by several 
per cent, the efficiency'of the wheel, for the latter will include 
the friction of the support, and leakage at the joint between 
the sluice and wheel, which are not included in the former ; also 
as a plant the resistances and losses in the supply chamber are 
to be still further deducted. 

19. The Crowns, — The crowns may be plane annular discs, 
or conical, or curved. If the partitions forming the buckets be 
so thin that they may be discarded, the law of radial flow will 
be determined by the form of the crowns. If the crowns be 
plane, the radial flow (or radial component) will diminish as 
the distance from the axis increases — the buckets being full — 
for the annular space will be greater. 

20. Designing, 

The dimensions of a wheel must be determined for a definite 
velocity. Thus far it has been assumed that the angles a^ y^, 
etc., are given, and the normal sections of the stream thus 
deduced. We will now assume that all the dimensions of 
the backets are known, and the angle a and the section IT axe 
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to be determined. The velocities v^ and v^ must now be found 
independently of a. From Fig. 1 we have 

F' = V* 4" ^\' ~~ 2v^cor^ cos Vi - - - (55) 

which combined with equations (4), (9), (10), v^k^ = vji^, as in 
(20), and If = h^ — A„ will give 

k^ __ (1 -|" Ml) hJc^GOT^ cos y^ 

^. = ^«. = (1 + ^.) K + plX 

juJ 2gH+ [r: - (2 + ^,) >-.'] a>\ . . Rl + ^) kAoor, cos >^. -|« 

^ (1 + /^,) A.' + /*.*,• ■ ^L (1 + ^ A.* + M.* J 



•where 



= Aoo-\- \/2gHB + C"<»' .... (56) 



(1 + /*.)*.' + /^A' ■ * ' 



^ = 



K 



(1 + /v.) *.' + ^i,k: 



• • • 



(56a) 



(66&) 



C ^J' + A' (56^ 

k 
v^ = j^v^ = cv^ (57) 

Equations (11), (12), (13), (55), (56), and (57), after making 

= r^ cos ;^, + ^^oTi cos ;^j ) 
give 

hA + ^r* + i M,r*-\ <»• + (5 _ aA) ooV^HB + 6"o>'J • (68) 
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Let 

D = gH(X - aB), 

G^h - aA. 
There 

■£■ = -^ [^ - ^^*«' + Goo ^^j£B + (>•«*] • (59) 
For a maximum </^ -;- doo = O, giving 



■^max = 



F* - J F' — C*CP 
^ = 9^^ 6" VF' - G'(? ' ' ' ^^^> 

This value of a? is the one to be used in the other equations. 
The form of equation (60) is the same as that of equation (16). 
Substituting in (59), observing that aJ = 1, and hence i? = 0, 
we find 

= (/^" - ^F' - C'(P \ ^^ . . (61) 

To find the terminable angle a of the guide blade that will 
enable the stream to flow smoothly, subject to the preceding 
conditions. Fig. 1 gives 

F'cos a = GD7\ — t), cos y^y 



whicli, combined with equation (55), gives 

cos « = a>r. - v^ cos y. 



V«,' + oo'r* — 2v,<wr, cos y, 



(62) 



Eliminating t), by means of equations (57) and (56) gives 
cos a in terms of the six constants /•„ /•„ y^ y^, k^ and A„ which 
are fixed and known from the dimensions of the wheel, and of 
the velocity co of the wheel. Since the wheel may run at dif- 



r 
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ferent velocities the aogle a most rary, and this will be done 
in practice hy the piling of the water in the pass^ea. Each 
torbine, howeveT, should be designed to mn at the speed giv- 
ing maximtun efficiency, and its angles and dimensions should 
Bi^tisfj equations (60) and (62). 
From eqnation (9\ 

in which, if t^ and Vi be sabstitnted from above, pi becomes 
known. 

Similarly, V from equation (56) becomes known, and finally, 
from (60), 



_ OOT"i — Vi COB yi 
» y . 



(64) 



2L Path <f the Wiiter.—hBt o^ be the position <rf the backet 
when the water enters at b. 
The bucket being drawn in 
position to a scale, divide it 
into any nnmber of parts- 
equal or nneqiial — aa,, Oio^ 
etc, and find the time re- 
quired for it to go from a to 
Of. The distance being small, 
assume that the velocity is 
uniform from o to d>i, and 
equal to v, which will be 
given by equation (56) by 
dropping fdl the sabscripts t 
and changing r to |0, thos, 




a * It,) ki kaar, COS fi 



T i.l+Mi>ii* + m,»f ^ L (1 + 



/ij*i' + /».*■■ 



i]'. (M* 



.-vti 
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Then will the time t be 

t = ^' (65) 

During this time the rim has gone from a to 6 a distance 

ab = ?\oot. (66) 

If the bucket hB he drawn through b, and the arc a^ bi 
through ai, their intersection hi will be the position of the 
particle at the end of the time L In a similar manner, the 
successive points 62> &8> etc., may be found, through which a 
continuous curve may be drawn representing the path of the 
stream. 

The line tangent to the termination of the bucket, will 
indicate the direction of the water at entrance of the wheel, 
and if the water drives the wheel, the path should be entirely 
outside this line and convex toward it. 

22. Design a guide blades outflow turhiiie. 

Assume the eflfective fall, ^3"= ft. 

Assume the required horse-power, . . . HP = 

Assume the exit angle, ? 2 = 

Assume the entrance angle of bucket, . . j'l = 90\ 
Fix the exit angle of the guide, Eqs. (32), (51), a = 30°. ? 

Assume efficiency, J? = 0.65, or 0.70; 

and after the wheel is fully designed, re- 
compute this value and if necessary 
correct the dimensions. 
Kequired quantity of water per second 

without loss, . . Q =z U -i- dH. 

Required quantity, Q ~- E^ 

Assume //, = 0.10, //j = 0.075. 
Velocity of the initial rim, Eq. ('40 ), approx., (mttx = 
(The corrected, final value will be found 
by Eq. (16) or (60). 



/ 
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Let r.y = 1.3/„ then velocity of outer rim, ootz « 

The velocity into the bucket, Eq. (18 ), . . v-^ =£ 

Initial section of buckets, Eq. (20), . . . 4i a 

The inner circumference will be 27T)\. Let 
the walls of the buckets be Vc ^^ ^^^ 
circumference, then the effective open- 
ings will be }§ of the circumference, or 
V^^'i- Assume a depth, y, between 
the crowns. Try y = -Wi. Then will 
the initial cross section of all the 
buckets be i-^7r7\^ ; hence, j^-Triy = i, ; .-. Vi «■ 

If the radius is not what is desired, it may 
be changed to some other value and 
the depth y computed. Then, . , . rg = 

The cross section at outer rim will be, if 

the crowns are planes, ^^Trr.y y sin y-i = fe = 

The number of buckets will be assumed . = 

Having determined these elements, the final velocity Vg in 
reference to the bucket may be computed by equation (67), 
oDVi from (62), Ffrom (55), and (^ from (64:1 

If the turbine revolves in air, at least hali the depth of the 
wheel is to be deducted from the head //. 

If the circular opening between the wheel and sluice be ^ 
of an inch, or xfe of a foot, and the coefficient of discharge be 
0.7, the discharge will be 

^^2 ^.7 X 27rri x V -^ = g, .... (67) 

pi being determined from equation (63). The loss of work 
will be 

62.2(? X // or 62.2(7 (7/ -^y) (68) 

The work lost by friction, if the radius of the axle be rj, the 
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weight of the loaded wheel, JV^ and coefficient of friction a^s* 
will be nearly 

Q MsWs n^ per sec (69) 

The work done by the water must be the eflfective U plus 
the work due to the losses. The work done by the water pass- 
ing through the wheel must be U plus that given by equation 
(69). Call this C/j. Compute the work done by the water, and 
let it be C^ ; then will the required depth be 






(70) 



The efficiency may now be recomputed. 



SPECIAL WHEELS. 

23. Foumeyron Turbine, — ^All wheels having guide blades 
are of the Foumeyron type, although the wheels made by him 
were outward flow. The preceding 
analysis is a general solution of this 
turbine. 



24, Francis and Thoinson^s vortex 
wheels are inward flow wheels with 
guide blades. The preceding analysis 
is also applicable to these wheels. 



25. The Jonvcd Turbine is a parallel 
flow wheel with guide blades, to which 
the preceding analysis is applicable by making r^ = r2. 

(For the details of these and many other forms, see 
Bydravlic Jfotors by Weisbach.) 

26. Jiankine TF7/ee/. — This is a wheel of the Foumeyron 
type, but Bankine having made certain modifications in its 

8 
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assume<l construction it is indicated by his own name. 
I Fig. S. ) 

It is an outflow wheel and the crowns are so made that 
the radial veL>city of the water in passing through the wheel 
will l)e uniform. If a- be the abscissa from the axis of the 
wheel to any point of the crown, and y the distance between 
the crowns at that point, v,, the radial component of the 
velocity, then 

or, yx — a constant, .... (71) 

which is the equation to an hyperbola referred to its asymp- 
totes. Tliis determines the form of the crowns. If the wheel 
were inward flow, the depth would be greatest at the inner 
riuj. 

In this wheel tlie initial element of the bucket is radial, or 
y\ = '^^' ; aiid Kankine assumed that the velocity for best effect 
must be such that the water will quit the wheel radially, or 
^ ~ 90 . These conditions given, from Pig. 1 and equations 
(5), (6j, (^34), for africtionless wheel, 

oovi = V cos a (72) 

aiTo = n. cos Yo (73) 

Vi = w = Fsin <'*' = r.9ri tan a ~ U'To tan y2 = ^2 sin 7^2; (74) 

.•. tan (y — — tan 7^2 (75) 

which determines the proper angle of the guide blade when 
the value of 7^2 has been assigned. If 72 = 15°, rg = lj?'i, then 
a — 18^1" ; and if 7/3 = 20, r^ = 1.3, then a = 24"" nearly. But 
to be certain that the internal pressure exceeds the external, 
n should exceed these values. Equations (19), (73), and (75) 
give 

"^^ = |/2 + t^' W 

which establishes the velocity of the initial rim of the wheeL 



^1^^ 



<l:. 
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The work in the frictionless wheel will be the theoretical 

work the water could do, less the energy in the water quitting 

the wheel, or 

W 

W 
[Eq.(74)] =TFZr-i-!^nWtan«a. ... (77) 

WH 
The efficiency will be 

27. The following is to show that Bankine's assumption of 
velocity for best efficiency is not quite correct. Substituting 
Yi = ^0% Hi = 0, //2 = 0, ri = iiTi, in equation (16) gives 






L A/(i -ny- COSV2 (1 - 2wO J 



and these in equation (19) will give 



f^OOS 



r^^i/yHoos^rr^'^" V(l-nr ■cosV.(l-2n^n 
y L V(l-n2)'-cosV2(l-2n2) J 



= on-, [1 - n' + V (1- n^) ' - oos^ ^2 (1 - 2wO]. . (81) 
This does not give 



V.2 COS y2 = 0^2 



as in equation (73 j, except when n^ = i (or 2r^i = 7^2) ; and hence 
the direction of the water at exit will not be radial, as Bankine 
assumed, except for this case. In practice, outflow wheels are 
constructed almost exactly with this proportion, n^ = J, and 
hence the analysis from equations (72) to (79) is sufficiently 
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exact for the frictionless outflow wheel ; and, as seen above, 
the hypothesis greatly simplifies the analysis. 

The condition for best efficiency of the frictionless wheel 
requires that the velocity of leaving the wheel should be a 
minimum ; and this may be realized, in some cases, when its 
direction is oblique to the radiua 

Thus, let A Che radial when AB is the velocity relative to 
the bucket, and BC the velocity of the rim ; then it may be, in 
some cases, that when AD is the relative velocity of exit, AS, 
the velocity of exit relative to the earth, will be less than A C, 
as shown in Fig. 9. 





Ftg. 9. 



Fig. 10. 



28. The path of the water is easily constructed for this wheeL 
Since the radial velocity is uniform, the time of flowing through 
the wheel will be 

To — Vi 

(82) 



t = 



Vi 



during which time the initial rim AB, Fig. 10, will have travelled 

aB = coTit feet (83) 

Divide 7*2 — ^*i into equal parts by concentric arcs, and the 
space aB into the same number of equal parts, and through 
the points of division a, 6, c, d, trace the buckets ; then will al), 
drawn through the proper intersections of the arcs and buckets, 
be the required path. 



iii-^^. 
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9. Analyze a Eankine turbine, having given : H = 12 feet, 

y2 -■ 15% ?'i = 2 feet, 9^^ = 2?\. Depth of outer rim, 6 inches. 

Find Radius of outer rim, ^•2 = 

Angular velocity, c» = 

Velocity of initial rim, .... riGo = 

Velocity of outer rim, /•2G7 = 

Angle of guide plates, of = 

Velocity from the supply chamber, . F = 
Initial velocity in bucket, . . . . Vi = 
Terminal velocity in bucket, . . . . V2 = 
Velocity of quitting water, . . . . w; = 

Depth of inner rim, y^ = 

The horse-power, HP = 

The efficiency, E = 

K the partitions for the buckets occupy ^ of the wheel, and 

the losses due to frictional resistances in the wheel and friction 

of the wheel be 20 per cent., what will be 

The horse-power, HP = 

The efficiency, E = 

Find the pressure at the inner rim, . . • pi = 

Find the path of the water. 

29. Velocity of a partide along a tvhe rotating about an axis 
per))endicula7* to its plane. 

This problem has already been solved in establishing the 
general equations of turbines, and the following is given to 
present it from another point of view. 

If the particle at A, whose mass is w, be confined while the 
tube rotates about O, Fig. 11, with the angular velocity a?, the 
centrifugal force would be 

f=mG^p. (84) 

If ^ l>e the angle between the radius vector prolonged and 
tlie normal upon the tangent, the component in the direction 
of the tangent to the tube will be 
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maff) sin ^, 

and when the particle is free to move, this component will be 
efifective for producing motion, and if the pressures at the 
opposite ends of the element are not eqnal, but differ by an 
amount dp^ we have the equation 



iw-^ = moc^p sin — dp. 




FiQ. 18. 



Fig. 11. 



But 



cfe sin ^ = c?p, 



which combined with the preceding equation giTOS 



dsdh a , 1 dp , 



dp 



(86) 




. (86) 



But —, — n = ds, and if S be the weight of unity of volume, 
then m = -ds, and the last term becomes ^c?p. The integral 

if 

will be 



S-1 '* = t^» - Vi' = «^ (r^ - r>,) - 2sr^-5-Ei. . 



d^J 



e» 



(87) 
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If the friction be ^^V2i the equation becomes 

il+,A,)v,^ = v,' + or^{ri-n^)-2g£^-^, . (88) 

which is the same as equation (9). 
If j>2 = Pu an<l /'a = 0> then 

nj'^v,^ -h Go'ir^^^r,^ (89) 

This gives the velocity relative to the tube whether it 
revolves to the right or left, and whatever be its curvature. If 
it revolves to the left, the resultant velocity will be AD, Fig. 
12 ; if to the right, it will be J C If y2 be measured from the 
arc backward of the motion, or 7^2 = BAF" for rotation to the 
left, and ^2 = EAB'tor motion to the right ; then 

AD^ = iif — V2 + c^r-? — 2v2. Oi)r2 cos yz- . . (90) 

AC^ = v^ ~ V2 + c^r2 + 2^2. c6>/'2Cosx2« • • (91) 

In the latter case the quitting velocity will exceed the ter- 
minal velocity in the tube, and therefore increased velocity will 
have been imparted to the water — a condition requiring that 
energy be imparted to the wheel from an external source. In 
the former case the wheel is a motor, in the latter it is a re- 
ceiver or transmitter of power ; in the former the water drives 
the wheel, in the latter the wheel drives the water and virtually 
becomes a centrifugal pump. 

If the water issues tan^entially to the path described by the 
orifice, then y^ — 0, and 

«^ — U2 T 0^2, (92) 

the upper sign belonging to the motor, and the lower to the 
pump. 

Exercise. — If r^-1 ft. /^ = 5 f i /^g = 0.1, ^i = 5 ft. per sec- 
ondy and the bucket rotates about a vertical axis 30 times per 



i 
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minute, and discharges the water directly backward, making 
y-i = 0, required the terminal velocity along the tube and the 
velocity of discharge relatively to the earth 

30. Wheel of Free Deviatiort. — In this wheel the water in the 
buckets has a free surface, or, in other words, is subjected only 
to the pressure of the atmosphere. For this case 

Pz=py=Pa\ fh = H, and h^ = 0, 

and equation (4) gives 

(1 -f Ml) V = 2gn, (93) 

which will be the velocity of discharge from the supply 
chamber into the wheel ; it is the velocity due to the head in 
the supply chamber when frictional resistance is included. 
The triangle ABC, Fig. 1, gives 

v;' r.- F' 4- 00^ ri" - 2 Vgjti cos a, ... (94) 

which substituted in equation (88) gives 

(1 + M2) ^2 = V'^ -{- ar^ 7-2^ - 2 V. ayri cos a, . (95) 

and this in equation (90) gives wL and equation (12) will give 
the required work. Equation (14) will give the velocity for 
best effect. But this involves a long analysis, and the follow- 
ing approximate solution is sufficiently accurate. 

If y2 be small, and the wheel be run for best effect, that is, 
so as to make the velocity to very small, and considering w; = 0, 
equation (92) makes 

V2 = oor2 nearly. 

Using this value as if it were the exact one, also neglecting 
friction, (95) gives 

2 V. ooTi cos a = V^ = 2gr^, 
or 2ar/', cos (X = \/2g//; 



/. GOTi = — -^ • (approx.) 



cos a 



(96) 



•k^. 




■^ 
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which gives the proper velocity of the initial rim ; and for the 
terminal rim 



cos a Ti 



(97) 



Namber of revolutions per minute 



TT 



(98) 



To find the velocity at any point of the bucket relative to the 
bucket, drop the subscript 2 from equation (95) giving 



(1 -f M2) ir = 2gII 4- Gi? r^ - 2 ^/igH. arf\ cos a. . (99) 





Fi«. 14. 



Fig. 18. 



Prom Pig. 1 or equations (4) and (5) find 



V2g// . 
sin vi = ^— sm a. 



(LOO) 



In the frictionless wheel, the work done will be 

and the efficiency will be 

U 



(101) 



E = 



SQH 



(102) 



31. To find the form of the free surface^ let the bucket be very 
narrow, so that a normal to one of the curves will be approx- 
imately normal to the other. Divide one side of the bucket 
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into any convenient number of parts, as ac^ ce, etc, and erect 
normals to the arc, as a^, (rl, etc. Lay off these arcs on a right 
line. Compute the velocity at any point, as d, Fig. 13, by for- 
mula (99). Let X be the required depth at c2, then because the 
velocity into the section equals 5, the volume passing through 
one of the buckets per second, we have 

x.dc.v = q; 

'''^ = ih (103) 

and similarly for all other sections. If only relative heights 
are to be found, the quantity q need not be found, for if y be 
the height at b, Fig. 14, then 

y,ba.Vi = q; 
ba.Vi 



X 



dc.v 



y. (104) 



and by assuming any arbitrary value for y the relative value of 
X becomes known. Similarly, the relative heights at all other 
sections may be found. 

32. To find the path of the fluid in reference to the earthy pro- 
ceed as in Article 21 of the discussion of the general case. 

33. Exercise, — Design a 30 horse-power inflow turbine of 
free deviation, given an eflective head of 16 feet. 

Assume the depth of gate opening to be 4 inches (^ foot), 
and after the computation has been completed if it does not 
give 30 horse-power the depth may be changed by proportion. 
Let the radius of the outer or initial rim be 1 ft. ; of the inner 
rim, I of a foot ; terminal angle of the bucket, ^2 = IB"" ; termi- 
nal angle of the guide, (x — 30°, //i = 0.10 := /^j- 

Then, velocity of exit from supply chamber, 

Eq. (93), F= 

Velocity of outer rim, Eq. (96), .... oor^^ 
Velocity of inner rim, Eq. (97), , . • • <W2 = 
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Number of turns per minute, ..... = 
Initial angle of bucket, Eq. (100), . . . >^i = 
Initial velocity in bucket, Eq. (94), ... v^ = 
Terminal velocity in bucket, Eq. (95), . . i^g = 

Velocity of exit, Eq. (90), w = 

Direction of outflow, Eq. (35), .... ff = 
Coefficient of discharge 0.60, volume of . 

water, Q = 

Weight of water ((^ = 62.4), 6Q = 

Work per second, Eq. (101), U = 

Horse-power, HP = 

Efficiency, E = 

If 90 per cent, of U is effective work, and if this does not 
give 30 horse-power, then the depth of the wheel should be 

Find the profile of the stream in the buckets. 

34. The following is taken from the report of the Commis- 
sioners of the Centennial Exposition, 1876, on Turbines, Group 
XX. The tests were for two minutes each. The revolutions 
and horse-powers here given are those corresponding to the 
best efficiencies : 



Diameter 

of wheel. 

InctieK. 


Head in Bup- 

ply chamber. 

Feet. 


Revolutions 
per minute. 


Horne- 
power. 


Efficiency, 
per cent. 


80 


31 


255 


95 


85.0 


24 


HI 


802 


67 


77.0 


24 


80i 


810 


64 


74.5 


27 


80 


291 


76.8 


80.8 


80 


30 


257 


74 


75.5 


25 


81 


288 


46 


82.0 


80 


29.2 


258 


80.5 


78.7 


26 


80 


279 


62.5 


83.7 


27 


80.4 


346 


53.2 


78.6 


86 


29.6. 


197 


66.2 


83.8 



No. of 
Buckets. 



Kind of wheel. 



10 


Inflow. 


14 


Parallel. 


13 




16 


1 


18 


i 


12 


■Parallel. 


13 


In and down 


15 


In and down 


14 


Parallel. 


26 


Parallel. 
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These tests were by no means exhaustive. It is not known 
that they were run for best effect. The distance from centre 
to centre of buckets varied from 4.3 inches to 9.5, and at these 
extreme values the efficiencies were about the same. The 
number of gate openings was less than the number of buckets. 



TUEBINES WITHOUT GUIDES. 

35. Barker's Mill. — As ordinarily constructed, this motor 
has two hollow arms connected with a central supply chamber, 

with orifices near their 



outer ends and on oppo- 
site sides of the arms. 
There are no guide 
plates The supply 
chamber rotates with 
the arms. The arms 
may be cylindrical, con- 
ical, or other convenient 
shape. 

Since the water issues 
perpendicularly to the 
arms >^2 = ; and since the initial elements of the arms are 
radial, yi = 90°, and as the water must flow radially into the 
arms, a — 90°. The inner radius is necessarily small and may 
be considered zero. Hence, making 

y^ = 0, yi = 90°, a = 90°, n = 0, 

in equation (14) gives 

U 




E = 



00^2 V 



/^K 



+ (aPr/l 



■+■ f^ 



i 



(105) 



Equation (19) gives 



V2 



~^ 1 






.2 



(106) 



>-j- 
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hence, the efficiency reduces to, for the frictionless wheel, 

E=^^ (107) 

This has no algebraic maximum, but approaches unity as 
the velocity increases indefinitely. Practically it has been 
found that the best effect is produced when the velocity of the 
orifices is about that due to the head, or 



^=2 



G^2 = V2gr^; (108) 

for which value the efficiency will be, if /^ = 0.10 

-l+|/j^ =0.70 (109) 

If Jkj be the area of the effective section of the orifice, then 

Q = ^2^2 (110) 

The pressure on the back side the arms opposite the 
orifices and useful in driving the mill, will be 

P, = Mv, = ^v, (Ill) 

Of this pressure there will be required 

P, = M,Gor, = ^.m^,, (112) 

to impart to the water the rotary velocity oor2 which it has 
when it reaches the orifice. The effective pressure will be 
J\ — P2, and the work done per second will be this pressure 
into the distance it traverses per second, or 

U=an^2[Pi-P2l 
which reduces to the value found from equations (105) and (106). 

36. Exercise. — Let the supply chamber be square, and from 
two of its opposite sides let pyramidal arms project. Let 
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7?= 10 feet, orinces each 2 square inches, vertical section of 
arms through the orifice each 4 square inches, section of the 
arms where they join the supply chamber each 8 square inches, 
horizontal section of the supply chamber 36 square inches, 
^2 = 36 inches, velocity of the orifice ct^/'g = 's/^'lgHy coefficient 
of discharge 0.64, and //2 = 0.10. 

Bequired : 

Velocity of discharge relative to the orifice, V2 = 
Velocity of discharge relative to the earth, w = 

Velocity at entrance to the arms, ... Vi = 

Velocity in the supply chamber, ... = 

The volume of water discharged, ... ^ = 

The weight of water discharged, . . . SQ=^ 

The work per second, ^7= 

The horse-power, HP = 

The efficiency, ^ = 

The pressure on arm opposite orifice at A 

per square inch, pi = 

The pressure at base of the arms at (7, . jo = 
The equation to the path of the fluid. 

37. Scottish and Wliitdaw Turbines. — These wheels have no 
guide plates, and differ from Barker's mill chiefly in having 
curved arms. The analysis is precisely the same as for the 
Barker's mill. The only practical difference consists in pro- 
viding a curved path for the water, instead of compelling the 
water to seek its path, forming eddies, etc. 

38. Jet Propeller. — We first show how this problem may be 
solved by the preceding equations, and afterwards make an 
independent solution. Let a narrow vessel. Fig. 16, be carried 
by an arm E about a shaft BA. Let water, by any suitable 
device, be dropped into the vessel, the horizontal velocity of 
the water being the same as that of the vessel. At F, the 
lower end of this chamber, let there be an orifice from which 
water may issue horizontally. The water may then be con- 
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sidered as entering the vessel or bucket without velocity, and 
passing downward finally curve towards, and issue from, the 
orifice. It thus becomes a parallel flow wheel without guides, 
and we have, for the frictionless wheel, 

n = ^2, ri = 90°, y2 = 0, /ii = //2 = 0, e:= o, 

Pl=Pl= Pa, 2i = 

in equation (8) ; hence, the velocity of exit relative to the ori- 
fice will be 

vi = 2gz, (113) 



t 





Fig. 17. 



Fig. 16. 

where 22 equals the head in the supply chamber. Under these 
conditions the velocity of discharge will be independent of the 
velocity of rotation, if the rotation be uniform. 

Equation (11) gives for the velocity of discharge relative to 
the earth 

W = V2— QOT't, (114) 



Equations (19) and (14) give 



c/i = -^ ^2 . r^oo. 



(115) 
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SO 
This equation may be factored thus, — is the mass of 

•7 

liquid flowing out per second; represent by M; Mv^ is the 
momentum of the outflowing liquid per second. Mv^r^ is the 
moment of the momentum, and, finally, 

MV'i • r^oo is the moment of the 'momentura into the angular 
velocity^ and equals the work done. 

Let V = cor 2 = the velocity of the vessel ; then from (114) 
and [l\S) 

w = V2 — V, (116) 

Ui = 3Iv2v; (117) 

which equations are true whether the motion be circular, 
linear, or in any other path. 

In practice, the velocity of the jet is produced by the press- 
ure exerted by a pump, in which case Z2 in equation (113) 
would be replaced by a virtual head. Fig. 17, equivalent to 
22 ; or 

v\=2g^ (118) 

Also the vessel, instead of having water supplied to it at 
the velocity of the vessel, picks it up from a body of water 
considered at rest ; thus imparting to the water the momentum 
JMvy requiring the work per second 

U2 = Mv' (119) 

Hence the effective work done by a jet propeller picking 
up the water from a state of rest will be 

U= U,- U2 = M(v2 -v)v (120) 

The energy exerted by the pump will be that producing the 
velocity of water relative to the earth, or ^ M{v2 — vf, plus 
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that doing the work of driving the vessel ; hence, the energy 
expended will be 

and the efficiency will be 



E = 



U 



2v 



U + ^M{v2-vf~' V2 + V 



(121) 



This has no algebraic maximum, but approaches unity as 
V, the velocity of the vessel, in reference to the earth, ap- 
proaches V2 in value, the velocity of the jet in the opposite 
direction relative to the orifice. 

If V2 = Vy the effimency ivill he perfect as shown by (120), hut 
no work will he done as shown by (119). This would be the 
case of a vessel drawn by an external agency, or even floating 
along a stream ; for the water backward relative to the vessel 
would equal the forward velocity of the vessel. 

The mass of the jet per second will vary as the section of 
the orifice and velocity of the jet ; and if k be the section of the 
jet, then 

U=-kv2{v2-v)v\ (122) 

hence the same work may be done by enlarging the section i, 
and properly diminishing the velocity V2 of the jet ; but as V2 
is diminished, the efficiency is increased, as shown by equation 
(121). 

If -y = 10 feet per second (about 6.8 miles per hour), we find 



v% 


r 


k 

1 

00 


1 

E 


10 


O.yfc^ 


1.00 




9 






16 


750*" 


120.0 


0.80 


20 


2000*** 


45.0 


0.67 


80 


6000*" 


15.0 


0.50 


40 


12000 k " 


7.5 


0.40 


100 


90000*" 


1.0 


0.16 
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The sections k here given are for equal works, U, If the 
velocity of exit be constant, then will the work increase 
directly as the area of the section while the efficiency remains 
the same. These are without frictional resistances. 

The pressure against the side of the vessel opposite the 
orifice due to the reaction of the water will be found from 
equation (117) by dividing the work done by the space over 
which the work is done, or 

I\ = ^ = Mv,, (123) 

V 

which is the momentum of the jet pe?* second relative to the orifice. 
To impart to the water taken up the uniform velocity v 
would require the constant pressure 

P, = Mv ; 
hence the resultant pressure producing work would be 

P = Pi-P2 = M{v2-v), . . . . (124) 
and the resultant work would be 

U2 = M{V2- v)v, (125) 

as before found in equation (120). 

The speed of a jet propeller depends upon the form of the 
vessel and the nature of the fluid ; but the pressures due to 
the action of the jet will be the same whether it issue into a 
vacuum, or into air or water, or a more viscous fluid. If a block 
be placed before the jet so close to the vessel as to obstruct the 
flow of water as a jet, the conditions will be changed, and the 
forward pressure will then be due partly to the direct pressure 
exerted by the pumps. If a piston, having a long piston-rod 
projecting against a firm body outside the vessel, be forced 
backward, the forward pressure, effective in driving the vessel, 
would be that exerted by the pumps less the frictional resist- 
ances. 
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Tke efficiency of the jet propeller as a motor is compar- 
atively small in practice. This is due to the great loss of 
energy in the jet The entire energy in the jet is lost. If the 
vessel be anchored, and the velocity of the jet be V2, the press- 
ure will be 

Pi = Mv2, 
the work will be 

and the 

energy lost = \Mv2* 

If the speed v of the vessel is small, then 

Pi = MV2, 

V = Mv2Vy nearly, 
energy lost = ^-3/t?^2> nearly, 

and the energy lost will generally exceed considerably the use- 
ful work. 
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39. The difference of the momeni of the momentum of the water 
on ertiering mid leaving the wheel, equals the moment exerted by it on 
the wheel. (Proof for the frictiouleBs turbine by J. Lester 
Woodbridge, graduate of Stevens Institute, 1886.) 

Consider the effect of water paBsing along a smooth, curved 
horizontal tube rotating about a vertical axis. Conceive the 
water to be divided into an infinite number of filaments by 



5 6 5 



r r t 




vanea similar to tkose of the wheel, but subjected to the con- 
dition that, at each point, their width, id, Fig. 18, measured on 
the arc, whose centre is 0, shall subtend at the centre a 
constant angle dB. Conceive each filament to be divided into 
small prisms, whose bases are represented by the shaded areas 
a'b'c'd', d'c'c'd" and abed, by vertical planes normal to the vanes 
making the divisions ae, e/", intercepted on the radius by circles 
passing through the consecutive vertices on the same vane, a', 
d', d", etc., equal. 
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Let p = the radius vector ; 

c = the height of an elementary prism ; 
tlieu, df) = ae, ef, etc. ; 

fjdSdp = abed, etc., = area-of the base of an infinitesimal 

prism ; 
xpdddfi = Tolnme of an infinitesimal prism ; 
xdijdddp — m — the mass of prism, S being its density 

or mass of unit volume ; 
y = son = angle between the normal to the vane at any 
point, and the radius Oa prolonged through that 
point ; 
■B = velocity of a particle along the vane at p, which ia 
assumed to be the same in all the vanes at the same 
distance from the centre ; 
a> = the uniform angular velocity of the wheel, and 
p = the pressure of the water at the point p due to a 
head, but not due to deflection. 
IJet p he the independent variable, and dt the time required 
for the element a'b'c'd' to move its own length, dp, and aa the 
distance passed through by this element circumferentiallj in 
the same time, di, then 



aa' = <ijpdt ^ Mp -j- dp. 

The mass m will have two motions : one along the vane, 
the other with the wheel perpendicular to the radius. By 
changing its position successively in each of these directions, 
both its velocity with the wheel and its velocity along the vane 
may suffer changes both in amount and direction, as follows : 
(l) By moving from a to a', Fig. 18, in the arc of a circle — 
(1.) cop may be increased or diminished ; 
(2.) cap may be changed in direction ; 
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(3.) V may be increased or diminished; 
(4.) V may be changed in direction. 
(II.) By moving from a to d along the vane — 
(5.) oop may be increased or diminished ; 
(6.) Gop may be changed in direction ; 
(7.) V may be increased or diminished ; 
(8.) V may be changed in direction. 
These changes give rise to corresponding reactions, as 
follows : 

(No. 1.) Since the element is to move from a to a' in the 
arc of a circle, oop will be constant, and hence the reaction 
= 0. 

(No. 2.) By moving from a to a', the velocity oop is changed 
in direction from ale to a'k' in the time dt The momentum 
is moop, and the rate of angular change is 

kak' __ didt _ 

and hence the force upon the element producing motion in the 
arc of a circle will be radially inward and the reaction will 
be moo^p radially outward. This is generally called the centrif- 
ugal forcey as designated by most writers. Resolving into 
two components, we have 

mo^p sin y along the vane, 
mo!?p cos y normal to the vane. 

(No. 3.) According to the conditions imposed, this value of 
V is the same at a! as at a, hence, for this case, the reaction 
will be zero. 

(No. 4.) In moving from a to a' the velocity along the vane, 
t;, is changed in direction from oJt to o!t' at the rate oo as in 
No. 2. 

The momentum is wv, and the force will be mvoo^ which 
acts in the direction 6n, Since the particle will be driven by 
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the vane XYy and the reaction will be in the direction nb; 
which being resolved, gives 

' » along the vane, 
— mvGD normal to the vane. 

(No. 5.) In passing from a' to d' ; at d' the circular velocity 
-will be greater than at a by the amount 

and the acceleration will be 

d(j 

requiring a force ^^ jt tangentially to the wheel in the direc- 
tion of motion, the reaction of which will be 

dp 

but backwards, and its components will be 

71100 -rr COS y along the vane, 

^ raoD-^ sin y normal to the vane. 

(No. 6.) In passing from a to d\ cop will be changed in 
direction by the angle between k'a and lc"d\ or 

P P 

and the rate of angular change will be 

cot y dp 
~P~'(U' 
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and the momentum being 



the reaction will be 



, d9 

moo cot y TT, 



which acts radially inward and its components are 

— m<^ cos y -n along the vane, 

— ma) cot y cos y -7- normal to the vane. 

fft 

(No. 7.) By moving from a to d\ v will be increased by an 
amount 

dv . 

in the time di, and the reaction will be 

dv do 
do' df 

which will be outward along the vane, and the reaction will be 
directly backward along the vane, and hence is 

dv d9 , ,, 
— m ^ . -^ along the vane, 

normal to the vane. 

(No. 8.) In passing from a to d', v is changed in direction 
by two amounts : the angle y changes an amount 



LjftiMi 
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This is negative, for a differential is the limiting value of 
the second state minus the first, and the first is here larger. 

But this is not the total change, since y" is measured from 
a radius making an angle 

dp cot y 

with Oa as in No. 6 ; hence the total change will be the sum 
of these, and the rate of change will be the sum divided by dt, 
which result, multiplied by the momentum 7nv, will give the 
reaction, whicli will be normal and in the direction b'n' or 

along the vane, 

"cot y dp dy dp' 



mv 



^ p * dt dp* dt^ 



, normal to the vane. 



This completes the reactions. Next consider the pressure 
in the wheel. The intensity of the pressure on the two sides 
ah and cd differs by an amount 

The area of the face i^ dc x x = xpdO sin y, and the force due 
to the difference of pressures will be 

xpdO sin V ~- dp. 

' dp 

If dp is positive, which will be the case when the pressure 
on dc exceeds that on aJ, the force acts backwards, and the 
preceding expression will be minus along the vane. In regard 
to the pressure normal to the vane, if a uniform pressure p 
existed from one end of the vane F IT to the other, the resultant 
effect would be zero, since the pressure in one direction on V TT' 
would equal the opposite pressure on XY, If, however, in 
passing from d to «f , the pressure increases by an amount — dp, 
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since Va is longer than Xb, the pressure on Va will exceed that 
on Xb by an amount 

— dp.x X ah = — dp.x.pdd cos y = — xp cos ydO -f--dp» 
Collecting these several reactions, we have 



NORMAL TO THE VANE. 



(1.) 

(2.) 4- moo^P cos y. 



(4) - 
(5.) - 



(6.) - 



niojv. 



dp 

^ at 

dp 
mcD cot y cos y -tt* 



(7.) 



,_ , fcot Y dp dy dpi 

(8.) +mv\_-^.J^-/^.^j. 

(9.) — xp cos y J- dpdS. 



ALONG THE VANE. 







+ mc^p sin y. 

0. 

dp 
+ mao cos y-h* 

dp 
— moo cos y-n* 

dp dv 
dt * dp 



0. 



dp 
dp 



xp sm y -^ dpdO 



The sum of the quantities in the second column, neglecting 
friction, will be zero ; hence 

moL?ps\uy — m-^ ,-^ — xpsmy-4-dpdd = 0. . (123) 



Substituting 



-1^ = i; sin y^ and xpdOdp = -^ 



and dividing by m sin y^ we have 



Go^pdp — -dp = vdv. 
o 



(124) 
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Integratmg, 

U«^p»-P =\w\ . ... (125) 

1— "-I llinlt l— -J limit 



The sum of the quantities in the first column gives the 
pressure normal to the vane, which, multiplied by p sin y, gives 
the moment. This done, we have 



cPM = mv sin p 



coy (— CO cos 7 — 2 j — /cw sin y -X- 

cos y dp 

+ V cos y — p — TT- -^ 

vo dp 



SO 
Putting mv sin y = -^dpdO, where Q is the quantity of water 

flowing through the wheel per second, and integrating in refer- 
ence to 6 between and 27r, we have 

dM=idQ\ cop(-G)COQy—2j-'Pvsiny-j-+vcosy—p — ^~f \dp 



Multiplying 024) by 

P 



cos y. 



we have 



ojr^p^ , p cos y dp , dv ^ 

— — cos ydp T-^ J- dp = p cos y -j-dp 

V vd dp dp 



which substituted above gives 

dM=6Q\ —ioopdp-h pcosy-T-dp-hvcosydp—pvsmy-T-dp (126) 

the integral of which is 

M = dQ[— cof?' -h pv cos ;/] 

= -dgp[G?p-t;cosr]!a. . . (127) 
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But 00 p — V COS y is the circumferential velocity in space of 
the water at any point, and 6 Q p [go p — v cos y'] is the moment 
of the momentum ; hence, integrating between limits for inner 
and outer rims, the moment exerted hy the water on the wheel 
equals the difference in its moment of m/ymentum on entering 
and leaving wheel. 

Let the values of the variables at the entrance of the wheel 
be p„ y,, v,,p,, and at exit /9„ y^, v^, p^. 

Equations (125) and (127) become 

i 00^ (p,» - p;) - ^^' = i {v: - <). . . (128) 
M= S Q[oD {p; - p^) - p^ V, COS y, + p, v^ cos y,]. (129) 

U = MGo = dQGo[Go (pj' — p/) — p^ V, COS y^ + Pa v^ cos y^, (130) 

which is essentially the same as equation (58). It, however, in- 
volves the velocity of entrance, 'W,, and of exit, v^. The former 
may be found by equation (6), when a is known, or assumed 
when a is to be determined, and v^ may be found by (19) or (56). 
This principle does not appear to be of great value in the solution 
of the general problem, but may be of much service in certai^ 
special cases. Thus, in the Barker Mill, page 44, the moment of 
the momentum of the water entering the wheel will be zero, but 
of exit will be 

Mr, 

where T^is the velocity of exit, relative to the earth, perpendicular 
to the arm, and the moment will be 

MVr,; 
.-. U = M V ' r^Go 

= Ps, (131) 

where P is the pressure on the arm opposite the orifice, and s 
the space passed over by the orifice in a second of time. 
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But 

V = v^ — r^ go; 

M = = ; 

g g 

.-. U= — !-- (v, - r, CO) r, GO (132) 



^Q / ^ / 2gH+Go^r: \ 



r, GO, 



9 
as in equation (105). 

40. Again, if the water quits the wheel radially, then the 
moment of the momentum of the quitting water will be zero, and 

17 =^ M V'/\ cos OL . GO, 

But 

V cos a = Ft, 

the tangential component of the velocity, or velocity of whirl ; 

.-. U = M Ft r, GO. (138) 

41. In the frictionless liankine wheel the velocity of whirl 
equals the velocity of the initial rim of the wheel. 

.-. I", -- r, GO ; 
.-. U = Jfr,' co\ (134) 

The work will also equal the potential energy of the water, 
W H =. 6 Q 11^ less the kinetic energy of the quitting water, 
\ -M w^ (less the energy lost in resistances, fx v^, which in this 
ease we neglect) ; 

.-. r= 6 QII-\Mw\ 

and since the water is assumed to quit radially 

10 z=i 7\ GO ' tan y^ = /\ go tan a, (135) 
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The tliree preceding equations give 



2 + ten' a 



r, 00= A/ . i^— , (135) 



as in equation (76). 



42. Again^ if th£ crowns are parallel discs and the initial 
element of the bucket is radial, and if the water quits the wheel 
radially, and if the velocity of whirl equals the velocity of the 
initial rim, we have 

U=Mr,'Go% (136) 

as in equation (134). But y^ will not be the same as in (135). 

To find it we have, neglecting the thickness of the walls of the 

buckets, 

2 Tt r^ v^ = 2 7t r^ sin y^ • v^ 

^^ z= Y sin a 

r^ CO = V cos a 

w = r^ 00 tan y^ 

v^= r^ oo; 

;\* tan a 
.-. tan y, = ; (137) 

f//*/ — /*,* tan^ a 

r* tan^ a 

^dQH^kMr^oJ^ ~-^. (138) 

r^ — r^ tarn: a 

Equations (136) and (138) give 




2gH 



/•j fi? = lA 2 + 



T^ r^ tan^ a 



1 ' a 



r^' — r,' ta/n^ a (139) 
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43. dmclusions, — From an examination of Tables II., III., 
VI., VII., the following conclusions are drawn : 

1. The maximum theoretical efficiency of the inflow wheel is 
l^erceptibly larger than that of the outflow, the width of crowns 
and the initial and terminal angles of the buckets being the same. 
One reason for this is due to the flow through the wheel being 
opposed by the centrifugal action, but more particularly to the 
smaller velocity of discharge from the inflow wheel. 

2. Columns (10) in Tables VI. and VII. show that for the 
wheels here considered the loss of energy due to the quitting 
velocity is from 2.2, 5.1 per cent, from the outflow, and from 0.9 
to 1 per cent for the inflow. 

3. The same tables show that in column (2) the efficiency 
is almost constant for the varying conditions here considered, while 
for the outflow there is considerable variation. 

4r. One of the most interesting and profitable studies to the 
theorist and practitioner is the effect upon the efficiency due to 
properly proportioning the terminal angle, a^ of the guide blade. 
it will be observed that all the efficiencies in Tables VI. and VII. 
exceed the corresponding ones in Table II. except the first in 
colunm (3) of Table II. In Table II. the terminal angle, a^ is 
constantly 25^, while in Tables VI. and VII. it is less than that 
value, and in the highest efficiencies very nmch less. 

5. It appears from these tables that the terminal angle, a^ 
lias frequently been made too large for best efficiency. 

6. Tliat the terminal angle, a, of the guide should be compara- 
tively small for best effect ; for the inflow less than 10°, and that 
theoretically, when the angle is about 7°, the efficiency is some 10 
per cent, greater than when it is 25° in the wheels here considered. 

7. Tables II. and VI. indicate that \\\ii initial angle of the 
bucket should exceed 90" for best effect for outflow wheels. 

8. Tables II. and VII. show that the initial angle should be 
less than 90° for best effect on inflow wheels, but that from 00° 
to 120° the efficiencv varies scar(*elv 1 per cent. 
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9. The most marked effect in properly proportioning the ter- 
minal angle, «, of the guide is shown when tlie initial angle of 
the bucket is 150°. In this case the efficiency for the outflow 
when a is 25° is O.T-W:, Table II., but when a is 13^°, as in Table 
VI., it becomes 0.921. For the inflow, in the former case, it is 
0.752, but when tlie angle is 3°, as in Table VII., it becomes 
0.918. 

10. Since the wheels here considered liave the same width of 
crowns and tlie same terminal angle of the bucket, the depths of 
the wheels will be proportional to k^ for discharging equal vol- 
umes of water. Tables III., VL, VII. show that the section k^ in- 
creases as the initial angle of the buckets increases, and that it must 
be greater for the inflow than for the outflow ; hence the depth 
of the wheel must be greater for the inflow for delivering the 
same volume of water. 

11. But the same volume of water delivered by the inflow does 
more work than that of the outflow ; the depths should be as X:,, 
divided by the efficiency. Thus in Tables VI. and VII., for 
y = 90°, and for the same heads, 11^ the relative depths should 
be for equal works (0.759 — 0.828) -^ (150 ~ 0.920) = 1.67. 

12. In the outflow wheel, column (9), Table VI., shows that for 
the outflow for best effect the direction of the quitting water in 
reference to the earth should be nearly radial (from 76° to 97°), 
but for the inflow wheel the water is thrown forward in quitting 
(column [9] Table VII.). This alone shows that the velocity of 
the rim should somewhat exceed the relative final velocity back- 
ward in the bucket, as shown in columns (4) and (5). 

13. In these tables I have given all the velocities in terms of 
V ^ g h^ and the coeflicients of this expression will be the part 

of the head which would produce that velocity if the water issued 
freely. In Tables VI. and A^II. there is only one case, column 
(5) of the former table, where the coefficient exceeds unity, and 
the excess is so small it may be discarded ; and it may be said 
that in a properly proportioned turbine with the conditions here 
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given, none of the velocities will equal that due to the head in 
the supply chamber when running at best effect. 

14. The inflow turbine presents the best conditions for con- 
struction for producing a given effect, the only apparent disad- 
vantage being an increased first cost due to an increased depth, 
or an increased diameter for producing a given amount of work. 
The larger efficiency should, however, more than neutralize tlie 
increased first cost. 

Column (3) shows that the efiiciency, E^ increases as the 
initial angle of the bucket, y^^ increases up to 120°. Tlie maxi- 
mum will be for about 120° with this amount of friction. 
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HYDBAULIC MOTORS. 
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construction of Water- wheels, including Breast, Undershot, 
Back-pitch, Overshot Wheels, etc. , as well as a special discus- 
sion of the various forms of Turbines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 6 00 

WEISBACH'S MECHANICS. THEORY OF STEAM- 
ENGINE. 

Translated from the fourth edition of Weisbach's Mechanics 
bv A. Jay Du Bois. Containing notes giving practical examples 
of Stationary, Marine, and Locomotive Engines, showing Amer- 
ican practice, by R. H. Buel. Numerous illustrations. Second 
edition 8vo, cloth, 5 00 

MECHANICS OF THE GIRDER. 

A Treatise on Bridges and Roofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and the number of Panels and height of Girder that render the 
Bridge weight least for a driven Span, Live Load, and Wind 
Pressure are determined. By John D. Orehore, C.E. Illus- 
trated by over 100 engravings, with tables, etc 8vo, cloth, 5 00 

**The work bearH internal evidences of patient industry and scholarly 
ability— is a valuable contribntion to scicuce and to the literature of 
Bridge building."— W. U. JSeakleb, C.E. 

ATICS; OR, PRACTICAL MECHANISM. 



A Treatise on the Transmission and Modification of Motion and 
the Construction of Mechanical Movements. For the use of 
Draughtsmen, Machinists, and Students of Median ical En- 
gineering, in which the laws governing the motions and 
various parts of Mechanics, as affected by their forms and modes 
of connection are deduced by eim])le geometrical reasoning, 
and their application is illustrated by accurately couHtructed 
diagrams of the different mechanical combinations discussed. 
By Prof. Chas. W. MacCord. Fourth edition 8vo, cloth, 5 00 

"The work can bo confidently recommended to DrangJilHmen. and all who 
have occasion to de^i^n machinery, aH well an to every eament Htudcnt of 
MechanicH, young or oUL^'—Amftican AfachinM. 
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MECHAXTCS— MAnilNKRY. 



TREATISE ON FRICTION AND LOST WORK IN 
MACHINERY AND MILL WORK. 

Containing an explanation of tbe Theory of Friction, and 
an account of tlie various Lubricants in general use, with a 
record of various experimenters to deduce the laws of Friction 
and Lubricated Surfaces, etc. By Prof. Robt. H. Thurston. 

Copiously illustrated. Fourth edition 8vo, cloth, $«3 00 

•' It is not loo high praipe to say that the present treatipc is exhaastive 
and a complete review of the whok' yabject."— >l/w«7"ican Engineer. 

GAR LUBRICATION. 

Treating of Theoretical Relations, CoeflScient of Friction, 
Bearing Metals, Metbods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 

W.E.Hall 12mo, cloth, 100 

" A very osefnl book on a pubiect upon which literature is very Bcarce. 
While the author gives full credit to Prof. Thurston and to Mr. Woodbury 
for their researches in this direction, he puts the various theories and re- 
sults of experiment in a very practical i»hape and shorn of all but the 
plainest mathematical dross. The volume is evidently the work of a 

Sractical investigator, and is correspondingly valuable."— ^Vi^ine^riw^' 

A HISTORY OP THE PLANING MILL. 

With Practical Suggestions for the Construction, Care, 

and Management of Wood- working? Machinery. By C. R. 

Tompkins, M.E 12mo, cloth, 1 60 

*' Each of these chapters is as full of meat as an egg : they give the 
result!* of long experience and intelligent observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor should any young mechanic, ambitious to excel in his calling, 
fail to send for it."— The Lumberman, Chicago, June 15, 1889. 

DYNAMOMETERS, AND THE MEASUREMENT OP 
POWER. 

By J. J. Flather, Prof, of Mechanical Engineering in Purdue 

University, Lafayette, Ind 12mo, cloth, 2 00 

A Treatise on the Construction and Application of Dynamometers. Com- 
prising Determination of Driving Power, Friction Brakes, Absorption and 
Transmission Dynamometers, Power to Drive Lathes, Measurement of 
Water-Power. 

ELEMENTS OP MACHINE CONSTRUCTION AND 
DRAWING; 

Or, Machine-Drawing, with some elements of descriptive and 
rational Kinematics. A Text-book for Schools of Civil and 
Mechanical Engineerinjf, and for the use of Mechanical Estab- 
lishments, Artisans, and Inventors. Containing the principles 
of Gearing, Screw Propellers, Valve Motions, and Governors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Warren. Seventh 
edition 2 vols., 8vo, text, and small 4to plates, cloth, 7 50 

EXTRACTS PROM CHORDAL'S LETTERS. 

Comprising the choicest sel ections from the Seri es of Articles which 
have been appearing for the past two years in the columns of the 
American Machinist. With over 50 illustrations. 12mo, cloth, 2 00 

"The author discusses shop work and shop management with more 
practical shrewdness, and in a manner that Mechanics, Artisans, and wide 
awake working men, generally, cannot hclphutenioy. '"-^Scientific American. 



MECHANICS— MACHINERY. 



THE LATHE AND ITS USES ; 

Or, Instruction in the Art of Turning Wood and Metal. 
Including a description of the most modem appliances for 
the ornamentation of plane and curved surfaces, with a de- 
scription also of an entirely novel form of Lathe for Eccentric 
and Rose Engine Turning, a Lathe and Turning Machine com- 
bined, and other valuable matter relating to the Art. 1 vol., 
8vo, copiously illustrated. Sixth edition, with additional 
chapters and Index 8vo, cloth, $6 00 

**The most complete work on the subject ever piibliyhed." — American 
Artimn. 

*'Here jh an invaluable book to the practical workman and amatenr/*— 
London Weekly Times. 

A TREATISE ON TOOTHED GEARING. 

Containing complete Instructions of Designing, Drawinjr, and 
Constructing Spur Wheels, Bevel Wheels, Lantern Gear, 
Screw Gear, Worms, etc., and the proper formation of Tooth 
Profiles. For the use of Machinists, Pattern Makers, Draughts- 
men, Designers, Scientific Schools, etc. With many plates. By 

J. Howard Cromwell. Fourth edition 12mo. cloth, 1 60 

**Mr. Cromwell has accompli«hed good work in brinjjing together in this 
volume a great doal of information only to be found by Hcarching many 
workp, and by adding the results of his own experience in the field of 
Mechanical Engineering." — American Machinist. 

A TREATISE ON BELTS AND PULLEYS. 

Embracing full explanations of Fundamental Principles ; 

proper Disposition of Pulleyn ; Rules for determining widths 

of leather and vulcanized rubber belts, and belts running over 

covered pulleys ; Strength and Proportions of Pulleys, Drums, 

etc. Together with the principles and necessarv rules for 

Rope Gearing and transmission of power by means of Metallic 

Cables. By J. Howard Cromwoll, Pli.B., author of a Treatise 

on Toothed' (^earinir 12mo, cloth, 1 50 

"This is a very complete and comprehensive treatise, and is worthy of 
the attention of all Mechanics who have anything to do with the manage- 
ment of belts and pulleys. aXcy—Xationul Car Builder. 

SAW PILING. 

The Art of Saw Filing Scientilically Treat od an<l Explained 
on Philosophical [Principles. With explicit directions for 
putting in order all kinds of Saws, from a Jeweler's Saw to a 
Steam Saw-mill. Illustrated by 44 engravinifs. By H. W. 
Holly. Fifth edition 18mo, cloth, 76 

SAW PILING. 

A Practical Treatise on Filintr, (iuinminjy, and Swajyeing Saws. 

By Robert H. Orinishaw Fully illustrated 1 vol.. l6mo, 1 00 

MACHINERY PATTERN MAKING. 

A Discussion of Methods, including Marking and Recording 
Patterns, Printing Press, Slice Valve and Corliss Cylinders; 
How to Cjist Joiirnal-lK)Xefl on Frames, Differential Pulleys, 
Fly-whfels, Enjrine Frames, Spur, B«*vel and Worm Gears, 
Key Ilf^adM f»>r .Motion Ho<ls, E11k>ws and Tee Pi|)es, Sweeping 
Straight and Conicul <trooved Winding Drums, Large Sheaves 
with Wrought and Cast-iron Arms, 128 full-size Profiles of 



6 MECHAXICS— ^lACniXERt. 

Gear Teeth of different pitches for Gears of 14 to 800 Teeth, 
with a Table showing at a glance the required diameter of 
Gear for a given number of teeth and pitch, Double Beat, 
Governor, and Plujr Valves, Screw Propellor, a chapter on 
items for Pattern Makers, besides a number of valuable and 
useful Tables, etc., etc. 417 illustrations By P S. Dingey, 
Foreman Pattern Maker and Draughtsman. . . .12mo, cloth, $2 00 

** A neat little work that ehonld be not only in the hands of evenr pattern 
maker, but read by every foundry foreman and proprietor of loundries 
doing machinery work.^''— Machinery Moulder's Journal. 

THE BOSTON MACHINIST. 

Being a complete School for the Apprentice as well as the 
advanced Machinist, showing how to make and use every tool 
in every branch of the business.; with a Treatise on Screws and 
Gear-cutting. By Walter Fitzgerald. Third ed*n. 18mo,cloth, 75 

STEAM HEATING FOB BUILDINGS. 

Or, Hints to Steam Fitters. Being a description of Steam 

Heating Apparatus for Warming and Ventilating Private 

Houses and Large Buildings, with Remarks on Steam, Water, 

and Air in their Relations to Heating. To which are added 

useful miscellaneous tables. By Wm. J. Baldwin. Thirteenth 

edition. With many illustrative plates 12mo, cloth, 2 60 

'*Mr. Baldwin ha» supplied a want long felt for a practical work 
on Heating and Heating Apparatus."— ^anitory Engineer. 

THE COST OP MANUFACTURES— AND THE AD- 
MINISTRATION OP WORKSHOPS, PUBLIC 
AND PRIVATE. 

A System of Mechanical Book-keeping, based on the Card- 
Catalogue method, dispensing with skilled clerical labor and 
the use of books, by which the cost of manufactures may be 
promptly determined, either in gross or in any detail, as to 
component parts and operations thereon. Comprising a 
simple method of recording all dealings with materials which 
relate to its procurement, expenditure, or possession. Applied, 
with numerous practical illustrations, to the trust, accounta- 
bility for public property, and funds required of the U. S. 
Ordnance Department, with a review of its present practice. 
By Capt. Henry Metcalfe, U. S. Ordnance Department. Illustra- 
ted with tables, forms of cards, etc. , etc. Second ed'n. 8vo, cloth, 5 00 

" I feel pure that by the u?e of your methods I can determine a coet I hare 
never been able to arrive at." — Ewart Manufacturing Co., Chicago. 

" We find that it enables us to keep a more accurate record of each piece 
of work. We can locate the responsibility for any delay or omission." — 
Rathbone & Co., Stove Works, Albany. 

WRINKLES AND RECIPES. 

Compiled from the SCIENTIFIC AMERICAN. A collection 

of practical susrgestions, processes, and directions, for the 

MECHANIC, ENGINEER, FARMER, and Housekeeper. 

With a COLOR TEMPERING SCALE, and numerous wood 

enjrravincrs. By Park Benjamin. Revised by Profs, Thurston 

and Van der Weyde, and Engineers Buel and Rose. Fifth 

revised edition 12mo, cloth, 2 00 

"Hundreds of Trade Secrets and Mechanical Shop Wrinkles." 

JOHN WILEY & SONS, 

53 E. Tenth St., New York. 
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